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Application of Material Nonlinearity
to a Composite Pressure Vessel Design

David Cohen*
Hercules Aerospace Company, Magna, Utah 84044

The application of matrix-dominated material nonlinearity to composite structural analysis has been ad-
dressed extensively in the literature. Little attention has been given to composite nonlinearity resulting from the
fiber strain hardening material nonlinearity when subjected to tensile loads. As the fiber strain-to-failure
increases, this effect becomes more important. The main objective of the current investigation was to assess the
applicability and improve accuracy resulting from the inclusion of both lamina fiber and resin-dominated
material nonlinearities in predictions of composite pressure vessels response to internal pressure loading.
Comparison between analytical calculations and measured strain response on pressurized composite vessels
shows agreement; however, linear and nonlinear analyses show only small differences. A closer look at the
contribution of each of the lamina nonlinear components indicates that the linear analysis produces an average
result between the stiffening effect of the fiber and the softening effect of the lamina matrix-dominated material
nonlinearities. Further, assessment of the results indicates that the lamina fiber-dominated nonlinearity together
with the lamina in-plane shear nonlinearity plays the most significant role in accurate prediction of vessel
response. The importance of the lamina transverse nonlinearity (£22) is less clear because this nonlinearity is
greatly dependent on the type of damage model incorporated in the analysis.
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Nomenclature
lamina Young's modulus
curvature of the quadratic nonlinear
stress-strain relationship
lamina shear modulus
parameter that defines the shape of the
nonlinear stress-strain Richard-Blacklock
relationship
lamina fiber volume fraction
strain energy function
Poisson's ratio
stress
plastic stress in the Richard-Blacklock
nonlinear stress-strain relationship
strain
o°/E° in the Richard-Blacklock nonlinear
stress-strain relationship

pressure vessel's axial and/or hoop strains
fiber and/or matrix moduli
secant and/or tangent moduli
stress and/or strain at points 1 and 2 on the
stress-strain curve
lamina principal directions along (11),
transverse (22), and perpendicular (33) to
the fiber
lamina shear moduli and/or Poisson's
ratios in the 1-2, 1-3, and 2-3 planes

= initial tangent modulus
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Introduction

THE application of matrix-dominated material nonlinear-
ity to composite structural analysis has been addressed

extensively in the literature.1"6 This type of material nonlinear-
ity is associated primarily with the large elastic (or plastic)
nonlinear response of a lamina when subjected to in-plane
shear loads and, to a lesser extent, transverse loads. Cracks
will form as the lamina in a multilayer laminate is subjected to
transverse stress that exceeds its in situ strength in this direc-
tion. These cracks will lead to a substantial reduction in the
stiffness of the lamina in the transverse direction.

Numerous analytical approaches are discussed in the litera-
ture that address the type of material nonlinearity previously
discussed. For example, the elastic in-plane shear nonlinearity
was addressed by a higher-order polynomial expansion of the
complementary (or strain) energy to produce higher order terms
in the stress-strain relationship.1 Other examples include the
Ramberg-Osgood nonlinear stress-strain relationship2 and a
semiempirical approach in which a piecewise cubic spline in-
terpolation function is used in an incremental constitutive law.3

Elastic material nonlinearity in the lamina transverse direc-
tion can be addressed in much the same way; however, much
more complex issues are involved in the nonlinearity associ-
ated with the formation of transverse cracks. Approaches
discussed in the literature include the application of fracture
mechanics in conjunction with continuum constitutive behav-
ior to model damage accumulation and stiffness reduction4;
application of a negative tangent modulus following damage
initiation, which eventually leads to zero stiffness with increas-
ing load5; and the discount method where stiffness in the
lamina transverse direction is assumed to be zero following
damage initiation.6

Little attention has been given to composite nonlinearity
resulting from the fiber material nonlinear behavior when
subjected to tension loads. As fiber strain-to-failure increases,
this effect becomes more important, particularly in structures
such as filament wound pressure vessels, where laminate re-
sponse is fiber dominated. The accurate calculation of strain
responses in such structures is critical in burst strength predic-
tions. This is particularly true for space-rated structures,
where weight is an important design factor.

The phenomenon of elastic nonlinear stress-strain response
of high-strength, high-modulus graphite fiber is well docu-
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merited.7"12 In the bulk of these investigations, this phenome-
non is attributed to the changes in the preferred orientation of
the graphite layers. These layers form long wrinkled ribbons
along the fiber axis. As the fiber is strained in the axial
direction, these wrinkles are stretched and their orientation
changes, leading to strain hardening of the fiber. Graphite
fibers with high strain to failure, such as Hercules AS4 and
IM7, show up to a 15% increase in the secant modulus be-
tween the initial value and the value at which the fiber fails.

The nonlinear stress-strain response of graphite fiber has
been measured by a number of investigators.10"12 The ap-
proach followed in this investigation, which also seems to
work well for the Hercules AS4 and IM7 fibers, was proposed
by Kowalski.11 In his empirical model, the fiber material non-
linearity is represented by a second-order Hooke's law
a = E°e + Fe2 (which is consistent with a third-order polyno-
mial expansion of the strain energy function). The E° and F
elastic coefficients are determined by a least-squares fit of the
quadratic model to the tensile tow test data of Hercules IM7
and AS4 fibers.

The lamina nonlinear in-plane shear and transverse tension
moduli are characterized by the Richard-Blacklock stress-
strain relationship.13 Data from IM7/55A and AS4/55A 4-in.
tubes loaded in torsion and transverse tension to failure are
used in the evaluation of the unknown coefficients in this
relationship, using nonlinear least-squares regression analysis.

Both the fiber and matrix-dominated nonlinearity are then
employed in the analysis of a 36-in. filament wound internally
pressurized composite vessel/The main objective of the cur-
rent investigation was to assess the applicability and improve-
ment in accuracy resulting from the inclusion of the aforemen-
tioned material nonlinearities in predictions of composite
pressure vessel response to internal pressure loading.

Approach
The fiber and resin material nonlinearity constitutive rela-

tions are discussed in the following sections. Two separate
nonlinear relations are employed in this investigation. The
fiber strain hardening nonlinear response is modeled with a
quadratic relation. This relation was chosen because it is par-
ticularly useful in the empirical characterization of tow tensile
data. The resin-dominated nonlinearity (i.e., the lamina in-
plane shear G12 and transverse tension £"22) are modeled with
the Richard-Blacklock relationship.13 This relationship is help-
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Fig. 1 Tow tensile fiber nonlinear stress-strain response for
IM7/55A.

ful in modeling the large nonlinear elastic in-plane shear de-
formation and the large degradation in £"22 caused by micro-
damage using an elastic-plastic relationship.

Fiber Nonlinear Constitutive Relation
An empirical quadratic relation11 was used to model the

fiber nonlinear stress-strain characteristics:

a (e) = E°e + Fe2
(D

This relationship is consistent with a third-order polynomial
expansion of the strain energy function FFXe/y).1'12 If such a
function exists, then the stress-strain relations are derived
from

dW
(2)

In Eq. (1), E° can be identified as the initial tangent modulus
and Fas the curvature of the stress-strain curve that measures
the degree of nonlinearity in the fiber. The two elastic coeffi-
cients, E° and F, are determined by a least-squares fit to tow
tensile stress-strain data, as shown in Fig. 1. Because such
curves generally do not start at zero load (due to a small
applied preload to the tow, Fig. 1), empirical curve fitting is
accomplished using a generalized quadratic relation:

a(e) = A + Be + C e2 (3)

To obtain a stress-strain curve in the form of Eq. (1), which
initiates at the origin and is representative of the original test
stress-strain curve, the two elastic constants must satisfy the
following relations:

E° = - 4AC

F=C

This is apparent from the fact that the least-squares fit curve
and the nonlinear stress-strain curve are parallel to each other
in Fig. 1. Having evaluated E° and F, the fiber tangent and
secant moduli at any point along the stress-strain curve can be
determined. The tangent modulus is given by

de (4)

The secant modulus between any two strains (e2>ei) can be
determined by

02- = E° + F(ei + e2) (5)

Generally, in a tow test, the modulus is evaluated based on the
fiber cross-sectional area, and the resin contribution is ne-
glected. The error resulting from such an assumption is less
than 1% for a high-modulus fiber. The lamina modulus (En)
in the fiber direction can then be calculated using the rule-of-
mixture and the fiber tangent and/or secant modulus:

(6)

where Ef is the fiber secant or tangent modulus and Em is the
resin modulus.

The fiber strain hardening nonlinear response could also be
easily characterized by the Richard-Blacklock nonlinear stress-
strain relationship (to be discussed next). This could have been
accomplished by evaluating the parameters in this relationship
on the shifted curve derived from the tow tensile data. This
was not done in the current investigation; however, for a
general methodology development of nonlinear analysis, it
may be advisable.
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Resin-Dominated Material Nonlinearity
The lamina resin-dominated nonlinear stress-strain behav-

ior is modeled using the Richard-Blacklock13 relationship:

E°e
(7)

where E° is the lamina initial modulus (££ or G^), a° is the
plastic stress, and n is a parameter that defines the shape of the
nonlinear stress-strain relationship. An alternative form of
this relationship can be obtained by substituting e° = a°/E°
into Eq. (7), such that

<*€) = •
E°e

(8)

In Eqs. (7) and (8), the coefficients E°, o°, e°, and n are
determined empirically from 4-in. hoop-wound composite tu-
bular specimens that are loaded in both transverse tension and
torsion. The plastic stress (a°) is defined as the point at which
damage is initiated in the lamina transverse direction. This
damage consists primarily of transverse cracks that tend to
soften4'14"16 the lamina stiffness (£"22) and, to a lesser degree,
the in-plane stiffness (C/^).14 It should be noted that the in situ
transverse strength of a transversely constrained lamina can be
five times as high as the transverse strength of an uncon-
strained 90 deg lamina.16 This in situ strength will depend on
the 90 deg ply thickness and the fiber orientation of the
constraining plies on either side. By definition, the tangent
modulus is given by

de

The secant modulus is given by

(9)

Es(e) = (10)

Composite Pressure Vessel Nonlinear Analysis
The material nonlinearity constitutive relationships discussed

above were implemented into a generalized-plane-deformation
elasticity solution for multilayer anisotropic cylinders sub-
jected to axisymmetric loads.17 This type of solution assumes
that the cylinder is of infinite length and that the loads do not
vary along the vessel's axial direcion. Under this type of
analysis, the vessel end, which may be constrained by the test
fixtures or the domes, are not accounted for. However, the
analysis performed was assumed to be an accurate representa-
tion of the state of strain at the midcylinder section away from
the ends. The elasticity solution and analysis procedure for
multilayer composite cylinders that are subjected to internal
pressure and end loads are discussed in detail in Ref. 17.

The only modification to the analysis implemented here was
to allow for an iterative solution scheme by which the moduli
E\\> &22> and Gi2 in each layer are adjusted according to the
state of strain in the fiber, transverse, and in-plane shear
directions until convergence is satisfied. Because the level of
strain in each layer is different, the corresponding values of
E\\> ^22* and Gi2 will also change according to the state of
strain in each layer. During the analysis, the lamina En, E22»
and G12 moduli are taken as the secant moduli [using Eqs. (5),

(6), (7), and (10)] and are only a function of the state of strain
in the individual lamina. This type of an approach is particu-
larly useful for displacement formulation analyses, such as
closed-form or numerical finite element methods, because it
does not require the intermediate calculation of stresses. The
stresses are computed only after convergence has been satis-
fied. The strain in each layer is taken as an average strain for
that layer. In general, the strain will not be constant through
the ply thickness, but it is an adequate approximation for a
relatively thin ply.

Results
Fiber-Dominated Material Nonlinearity Characterization —
Test Results

Tow tests (using ASTM D401818) of four different fiber/
resin combinations were conducted. These combinations in-
cluded IM7G/55A, IM7G/DER332, IM7/55A, and AS4/55A.
The AS4 and IM7 graphite fibers are two Hercules polyacry-
lonitrile (PAN) based carbon fibers in which the IM7 has the
higher strength and modulus. The IM7G is an IM7 fiber with
an epoxy coating. The 55A is the standard Hercules filament
winding resin, and the DER332 represents a stoichiometric
blend of Dow Chemical's D.E.R. 332, a diglycidyl ether of
disphenol A; and Tonox 60/40, a eutectic blend of aromatic
daimine curatives and is a common industrial epoxy "resin
system. For each fiber/resin group, 48 tow specimens were
tested. These fiber/resin combinations were analyzed to deter-
mine the elastic coefficients (E° and F).

The four combinations were selected to examine whether
the type of resin and sizing had any effect on the measured
coefficients. A least-squares curve fit was performed only on
specimens that exhibited a smooth stress-strain curve to failure
(some specimens exhibited a discontinuous stress-strain
curve). The results of the least-squares fit to the tow stress-
strain data are summarized in Table 1 for the four systems.
The number of specimens analyzed varied from group to
group because of the previously mentioned stress-strain curve
smoothness consideration. The secant modulus (Es) that was
calculated between 0.1 and 0.6% fiber strain is also listed in
the table. It is common practice to report graphite fiber mod-
ulus as the secant modulus between 0.1 and 0.6% fiber
strain.11

It is interesting to note from the table that the measured F
and E° for IM7G/55A, IM7/55A, and IM7G/DER332 are
essentially identical. Both size and resin type had no effect on
the measured fiber elastic response. This was expected, since it
was noted earlier that the resin contribution to the measured
stiffness in a tow tensile test is minimal. Another point of
interest is that the IM7 and AS4 fiber types exhibit approx-
imately the same degree of nonlinearity, as measured by the
magnitude of curvature F. Also listed in Table 1 are data for
Amoco high-strength commercial PAN-based graphite fibers,
T-700 and T-40.11 The table indicates that the IM7 elastic
coefficients are identical in magnitude to the coefficients mea-
sured by Kowalski for the T-40 fiber. These two graphite
fibers are advertised as being similar in stiffness and strength
characteristics.

Table 1 Elastic coefficients E° and F test result summary

Fiber/resin
type

IM7G/55A
IM7G/DER332

IM7/55A
AS4/55A

T-700b

T-40

Number of
specimens
analyzed

22
32
33
23
19
13

E°,
Msi

38.1
38.0
37.6
29.5
35.3
38.7

F,
Msi

337
340
341
347
255
307

ESS
Msi

40.5
40.4
40.0
31.9
37.1
40.8

a Calculated between 0.1 and 0.6% strain.
b Fiber data for T-700 and T-40 are taken from Ref. 11.
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Inside diameter: 3.8 in.
Specimen thickness: 0.09 in. (nominal)
Gage length: 3.5 in.

Torsion Tension

Torsion Test
Gage Arrangement

Torsion f Tension
Fig. 2 The 4-in.-diam hoop-wound torsion and transverse tension
tubular specimen configuration.
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Fig. 3 Lamina matrix-dominated in-plane shear and transverse ten-
sion nonlinear stress-strain response for IM7/55A.

Resin-Dominated Material Nonlinearity Characterization-
Test Results

The lamina resin-dominated transverse tension and in-plane
shear material nonlinearity was characterized with a 4-in.
IM7/55A and AS4/55A filament wound tube specimen, which
is depicted in Fig. 2. These specimens were loaded both in
tension and torsion to failure, and the stress-strain response
was recorded electronically. Following the test, the digitized
data were fitted with the Richard-Blacklock relationship.

The best least-squares estimate of the parameters in the
RichardrBlacklock relation was obtained using a nonlinear
regression model that is based on the algorithm developed by
Marquardi19 and is a compromise between using a straight
linearization method and a method of steepest descent. The
in-plane shear data, together with the best fitted curve, are
presented in Figs. 3 and 4 for IM7/55A and AS4/55A, respec-
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Fig. 4 Lamina matrix-dominated in-plane shear and transverse ten-
sion nonlinear stress-strain response for AS4/55A.

lively. The goodness of fit of the Richard-Blacklock relation
to these data is apparent from both of these figures. The
estimates of the parameters are listed in the figure for each of
the two fiber/resin combinations. The transverse tension data
for the same material systems are also presented. For these
data, the lamina initial modulus (E°J is calculated using a
quadratic least-squares fit of the data.

The lamina transverse tension strength (a£2) was taken as the
4-in. tube average transverse tension stress at failure, and n
was taken arbitrarily large so that the lamina transverse consti-
tutive relation was idealized as elastic-plastic. Hence, it was
assumed that, at the onset of transverse crack, the lamina
could no longer carry any load in this direction, which leads to
plastic flow. As noted previously, other models have been
employed to account for the large reduction in £"22 following
transverse damage. These models range from totally discount-
ing the lamina £"22 stiffness following damage to a negative
tangential modulus, and to a more sophisticated model.4

The elastic-plastic model was chosen here because it allows
for large degradation in £22 following damage, which has
physical meaning and is simple to apply within the context of
the current analysis. Notice that, given the choice of parame-
ters in the Richard-Blacklock relation to represent £22* the
elastic region is essentially linear, which agrees well with the
data.

Pressure Vessels Analysis Results
To assess the applicability and improved accuracy in pres-

sure vessel response predictions that result from the inclusion
of the aforementioned material nonlinearities in the calcula-
tions, two types of 36-in.-diam pressure vessels were analyzed.
The first vessel (referred to as vessel A) was fabricated by
filament winding of IM7 graphite fiber with 55A winding
resin, using the following lay up sequence from the cylinder
inside diameter to the outside diameter:

(± 15/90/ ± 15/90/ ± 15/90/ ± 15/907 ± 15),

The second vessel (referred to as vessel B) was fabricated by
filament winding AS4 graphite fiber and 55A winding resin,
using the following layup sequence from the cylinder inside
diameter to the outside diameter:

(± 29/907 ± 29/90/ ± 29/90/ ± 29/90/ ± 29),
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The asymmetric laminate layup sequence is a typical fila-
ment wound pressure vessel construction. The axisymmetric
structural applications of these vessel types preclude the out-
of-plane coupling response commonly observed in flat panels,
except near the cylinder ends. Commonly, in such pressure
vessel applications, the straight cylinder section is transitioned
smoothly into a dome section and, hence, t|ie effects are
minimal. Nevertheless, it is recognized that, in some other
applications of such structures, layup sequence interaction
with material nonlinearity may be important. The subject of
this effect is beyond the scope of this paper. However, it was
felt that, in the present investigation, the type of laminate
layup sequence should not affect the results and conclusions
outcome.

Both vessels consisted of straight cylindrical sections that
were approximately 87-in. long. The vessels were pressurized
using a specially designed end closure tooling. In the following
discussion, the fiber, orientation of ±15 and ±29 deg is
referred to as helical fiber, and fiber orientation of 90 deg is
referred to as hoop fiber. Both fiber orientations are in refer-
ence to the cylinder axial direction. A typical range of helical
fiber angle orientation for the type of vessels investigated is
±15-±30 deg. The angles that were chosen for the analysis
were based on the availability of pressure vessel data. During
the test, both vessel types were instrumented with numerous
axial and hoop foil strain gauges. The A-type vessel was also
instrumented with a long wire gauge.

The IM7/55A and AS4/55A principal lamina material pro-
perties are shown in Table 2. The values listed for E22 and G12
are based on the initial moduli, and EH is based on the secant
modulus calculated between 0.1 and 0.6% fiber strain and a
nominal 0.55 fiber volume fraction. The properties listed are
those used in the linear analysis. For a nonlinear analysis, the
methodology previously discussed was used while the other
lamina properties, except for En, E22, and Gi2, were kept
constant. Due to the lack of lamina in situ strength properties
for the type of material systems studied, o^ was taken as the
transverse failure strength obtained from the 4-in. tube tests
(Figs. 3 and 4).

The results of the analysis are presented in Figs. 5-8. Figure
5 is a comparison between the measured and calculated axial
and hoop strain response as a function of the internal pressure

for the IM7/55A vessel. The test data at hydroproof (approx-
imately 1000 psi) and hydroburst (approximately 1750 psi) are
identified by symbols. Data are given for three different ves-
sels. It is apparent from the figure that relatively close predic-
tions were obtained from the two analyses. Because of the
fiber strain hardening, the hoop nonlinear pressure-strain
curve tends to curve upward with increasing pressure. Fair
agreement was obtained between the measured and calculated
strains. However, it is also clear that, by rotating the pressure-
strain curves clockwise about the origin, perfect agreement
can be achieved. This point will be addressed further when the
effect of fiber-related parameters, such as fiber volume frac-
tion and fiber orientation on vessel response, is analyzed. The
measured strain data presented in Fig. 5 are based on the long
wire data, and in general, these data tend to have much less
scatter than the foil strain gauge data.

Figure 6 displays similar results to Fig. 5 for the AS4/55A
vessel type. The test data in the figure were obtained from foil
strain gauges (long wire data were not available). The strain
measurement from six vessels indicated much larger scatter
was obtained in the hoop strain. It is believed that the hoop
strain measurements at hydroburst are inaccurate and, as is
apparent from the figure, these data were not available for
most vessels, due to gauge failure. These particular vessels
were subjected to five proof cycles before burst, which may
have contributed to the gauge failure. The axial gauges appear
to give accurate readings up to burst. These gauges did not
fail, due to the relative low strain in the axial direction. As
with the IM7/55A vessel type, the nonlinear and linear analy-

Table 2 Lamina material properties used in the analysis

Property IM7/55A AS4/55A
£n, Msi
£22, Msi
£33, Msi
Gi2, Msi
Gis, Msi
G23, Msi
V12
VB
V23
'hoop, in.
* helical, in.

21.86
1.031
1.031
0.751
0.751
0.451
0.273
0.273
0.311
0.0292
0.0097

17.56
1.148
1.148
0.743
0.743
0.415
0.263
0.263
0.306
0.0284
0.0123
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Fig. 5 Comparison between measured and calculated strain response
for IM7/55A 36-in. composite pressure vessels.
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Fig. 6 Comparison between measured and calculated strain response
for AS4/55A 36-in. composite pressure vessels.
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Table 3 Nonlinear component analysis results (at 1750 psi internal pressure)

Nonlinear analysis type

Vessel
type

IM7/55A
AS4/55A

£11
only

e//a €A

1.436 0.748
1.329 0.290

£22
only

en eA

1.506 0.790
1.486 0.279

only
en

1.509
1.422

eA

0.745
0.240

All
moduli
en tA

1.479 0.789
1.415 0.294

Linear
analysis
en CA

1.508 0.746
1.400 0.260

Measured
en

1.570
N/A*>

eA

0.851
0.334

a€H = hoop strain, eA= axial strain in % strain.
bData not available (believed to be inaccurate because of gauge failure).

Effect Due To Change in Hoop
Fiber Orientation (decrease)

Effect D,ue To Change in Hoop
Fiber Volume Fraction (decrease)

Percent Change
Fig. 7 The effect of variation in hoop fiber orientation and fiber
volume fraction on the calculated axial and hoop strain response in
tjie IM7/55A filament wound pressure vessel.

Effect Due To Change in Helical
Fiber Volume Fraction (decrease)

Effect Due To Change in Helical
Fiber Orientation (increase)

0.8

Percent Change
Fig. 8 The effect of variation in helical fiber orientation and fiber
volume fraction on the calculated axial and hoop strain response in
the IM7/55A filament wound pressure vessel.

ses seem to give similar results, although in the axial direction,
the nonlinear analysis seems to produce closer agreement with
the measured strain.

To assess the contribution of each material nonlinearity
(En, E-n, and Gi2), each component was considered separately
in a nonlinear analysis. The results of this analysis for the
IM7/55A and AS4/55A vessels are summarized in Table 3.
For comparison, the nonlinear analysis, linear analysis, and
actual measured strains are included in the table. The analyses
were conducted at 1750 psi internal pressure, which was
near the hydroburst pressure for both vessels. The actual
measured strain data were interpolated from the actual pres-
sure to 1750 psi.

Before proceeding to discuss the data in Table 3, the reduc-
tion in £"11, £22, and G\2 in each layer through the vessel
thickness for the IM7/55A and AS4/55A vessel types at 1750
psi internal pressure (summarized in Tables 4 and 5) should be
considered. These tables show a large reduction (up to 15%) in
£"22 for the helical layers in both vessels. This is caused by
relatively large transverse tension strain on those layers and
the elastic-plastic model used to represent the degradation in
£"22 resulting from the anticipated transverse crack damage
formation. The reduction in Gi2 is also most noticeable in the
helical layers, and is about 14% higher in the AS4/55A vessel
type. This is explained by the larger helical fiber orientation in
this vessel, which leads to a higher in-plane shear strain defor-
mation and, hence, lower Gi2. The change in EH is relatively
small in all plies. However, because these structures are fiber
dominated in their response, particularly in the hoop direc-
tion, small changes in £"11 stiffness may lead to pronounced
changes in strain predictions. These changes can be observed
from Table 3 by comparing the linear analysis with the nonlin-
ear analysis for En only.

In general, due to interaction between the three nonlinear
components, the individual effect cannot be combined linearly
to obtain the overall nonlinear vessel response. However,
some response characteristics attributed to each component
can be assessed from Table 3. If the data in Tables 3-5 are
considered, then the following observations can be made:

1) Lamina fiber nonlinearity, as compared to linear analy-
sis, tends to stiffen the laminate structure response in both the
hoop and axial directions and reduce strain in both of these
directions, even for a relatively small change in lamina stiff-
ness En.

2) The lamina £"22 nonlinearity, as compared to linear analy-
sis, tends to soften the laminate structural response in both the
hoop and axial directions and increases strain in both of these
directions. However, the change in strains in both directions is
relatively small in comparison to the large change in stiffness
£"22, as noted from Tables 3-5.

3) The lamina G12 nonlinearity, as compared to linear anal-
ysis, tends to soften the laminate structural response in both
the axial and hoop directions. However, the hoop strain tends
to increase while the axial strain tends to decrease, due to the
l-to-2 axial-torhoop pressure vessel force ratio. This effect
increases with an increase in the vessel helical fiber angle
orientation, as may be observed from comparison between the
two vessel types. Nevertheless, a relatively large change in the
helical layer in-plane shear stiffness (of up to - 25%) pro-
duces only a relatively small change in vessel strain response,
as compared to the linear analysis (1.6% increase in hoop
strain and 1.1% decrease in axial strain).

4) A close look at the contribution of each of the lamina
nonlinear components (Table 3) indicates that the linear anal-
ysis produces an average result between the stiffening effect of
the fiber and the softening effect of the lamina £32 and G^
nonlinearities.

Overall, the results suggest that all material nonlinearities
may be important. However, it is shown that a relatively small
change in lamina fiber-dominated nonlinearity produces
changes in vessel strain response that are comparable with
those produced by relatively large changes in the lamina ma-
trix-dominated material nonlinearities. ^With the increase in
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Table 4 Percent stiffness changes relative to initial stiffness at
zero strain in each ply through the IM7/55A vessel thickness

(at 1750 psi internal pressure)

Fiber
orientation, deg

+ 15
-15

90
+ 15
-15

90
+ 15
-15

90
+ 15
-15

£11,
%

6.87
6.96

12.19
6.96
6.87

12.14
6.91
6.87

12.09
6.91
6.87

£22,
%

-74.30
-74.01
- 52.76
-74.01
-74.10
-52.86
-73.81
-74.01
-52.76
-73.81
-73.91

Gi2,
<7o

-8.12
-9.05
-0.15
-8.92
-7.99
-0.15
-8.92
-7.86
-0.15
-8.79
-7.86

Table 5 Percent stiffness changes relative to initial stiffness at
zero strain in each ply through the AS4/55A vessel thickness

(at 1750 psi internal pressure)
Fiber

orientation, deg

+ 29
-29

90
+ 29
-29

90
+ 29
-29

90
+ 29
-29

£11,
%

6.41
6.41

16.45
6.35
6.41

16.33
6.35
6.41

16.20
6.35
6.35

£22,
%

-75.44
-75.35
-3.48

-75.26
-75.17
-3.48

-75.17
-75.00
-3.48

-75.00
-74.91

Gi2,
%

-25.30
-25.30
-0.05

-25.03
-25.17
-0.05

-24.90
-24.90
-0.05

-24.76
-24.90

graphite fiber strength (new fibers are targeted to reach a
1 Msi strength), the importance of lamina fiber-dominated
nonlinearity will grow even further. Consequently, it is as-
sessed that the lamina fiber-dominated nonlinearity, together
with the lamina in-plane shear nonlinearity (for vessels with
relatively large helical fiber orientation, say 30 deg and
above), can potentially play a significant role in accurate
prediction of vessel response for the type of structures dis-
cussed. The importance of the lamina £22 nonlinearity is some-
what less clear, because this nonlinearity is greatly dependent
on the type of damage model incorporated in the analysis.
Since the lamina in situ transverse strength is a function of the
ply thickness and constraining plies orientations, the large
decrease in £22 characterized by the elastic-plastic model may
overestimate the actual laminate stiffness degradation due to
this damage mode. The lack of experimental data precludes
making a definitive conclusion regarding the importance of
lamina £"22 nonlinearity. Further, the choice of £n, based on
the fiber secant modulus between 0.1 and 0.6% strain, tends
to minimize the differences between the linear and nonlinear
analyses prediction of axial and hoop strains. If fiber nonlin-
earity is ignored, the selection of E\\ based on this approach
appears to be preferable to basing it on the initial modulus.

The effect of fiber-related parameters on hoop and axial
response is explored further in Figs. 7 and 8, where the two
parameters chosen to be varied were the fiber orientation and
fiber volume fraction. These particular parameters were cho-
sen based on the degree of uncertainty associated with these
parameters in a filament wound structure. Most commonly,
the manufacturing tolerance on fiber orientation for a fila-
ment wound structure is around ±2 deg, whereas fiber vol-
ume fraction can vary 0.50-0.55 and may not be constant
through the thickness.

Figure 7 illustrates the effect of variations in hoop fiber
orientation and fiber volume fraction on the predicted hoop
and axial strains. The analysis was conducted on the IM7/55A

vessel type using a nonlinear material model, and the calcu-
lated strain was normalized by the measured strain at hy-
droburst. In Fig. 7, both the helical fiber orientation and fiber
volume fraction are decreased by 10% from their nominal 90
deg and 0.55 values. The figure shows that a 10% decrease in
the hoop fiber angle to 81 deg resulted in a 25% increase in the
predicted hoop strain and an approximately 10.2% decrease in
the axial strain, whereas a 10% decrease in the hoop fiber
volume fraction to 0.50 leads to an 8.4% increase in the
calculated hoop strain and only 1.5% decrease in the axial
strain. Figure 8 displays similar results for the effect of varia-
tions in the helical fiber orientation and fiber volume fraction
on the calculated hoop and axial strains. The results in this
figure show that only the fiber volume fraction has a signifi-
cant effect on the calculated strain. Still, this effect is only
pronounced for the axial strain prediction—a 10% decrease in
helical fiber volume fraction to 0.50 produced a 10% increase
in axial strain. The data presented in Figs. 7 and 8 indicate that
the discrepancy noted in Fig. 5 between the calculated and
measured strain may be attributed to the degree of uncertainty
related to fiber orientation and fiber volume fraction. Ply
thickness will also have some effect on these predictions.

Conclusion
A methodology by which fiber and resin-dominated mate-

rial nonlinearities are incorporated into a composite pressure
vessel strain analysis was outlined. Both the composite fiber
(En) and resin (£"22, ^12) material nonlinearities were evalu-
ated using subscale test specimens. It was shown that fiber
nonlinearity in tension can be characterized effectively using
fiber tensile tow specimens. The resin-dominated composite
nonlinear in-plane shear and transverse tension responses were
characterized effectively, using 4-in. filament wound tubes.
The fiber material nonlinearity was modeled with a quadratic
constitutive relation that is consistent with a third-order
polynominal expansion of the strain energy function. The
coefficients in this relation were evaluated empirically, using a
least-squares best fit to the tow stress-strain data.

The method proposed by Kowalski11 was used to account
for the fiber preload commonly employed in graphite fiber
tow tensile test. The lamina £"22 and G\2 material nonlinearity
was modeled with the Richard-Blacklock relation.13 The un-
known coefficients in this relationship were evaluated em-
pirically, using nonlinear regression techniques and a 4-in.
hoop-wound tubular specimen subjected to torsion and trans-
verse tension data. The expected large degradation in £"22
caused by the formation of transverse cracks was modeled by
assuming an elastic-plastic representation of the Richard-
Blacklock relation. This was accomplished by setting the pa-
rameter n to a relatively large number (i.e., 25) and taking o%2
as the lamina transverse failure strength measured by the 4-in.
tube specimens.

Both linear and nonlinear analyses were conducted on two
36-in.-diam cylindrical pressure vessel types. One vessel was
fabricated with a filament winding of Hercules IM7 graphite
fiber and 55A winding resin and the other by filament winding
of Hercules AS4 graphite fiber and 55A winding resin. The
results were compared to measured hoop and axial strains on
these vessels. The results showed good agreement between the
analytical and empirical data, but the linear and nonlinear
analyses showed only small differences. A closer look at the
contribution of each nonlinear component indicated that the
linear analysis produces an average result between the stiffen-
ing effect of the fiber and softening effect of the matrix-
dominated nonlinearities. It is further shown that a relatively
small change in lamina fiber-dominated nonlinearity produces
changes in vessel strain response comparable with those pro-
duced by relatively large changes in the lamina matrix-domi-
nated material nonlinearities. Therefore, the importance of
lamina fiber-dominated nonlinearity will grow even further
with the increase in graphite fiber strain to failure. From the
results, it is assessed that the lamina fiber-dominated nonlin-



346 D. COHEN J. SPACECRAFT

earity, together with the lamina in-plane shear nonlinearity,
play the most significant role in accurate prediction of vessel
response for the type of structures discussed. The importance
of the lamina £22 nonlinearity is somewhat less clear, since this
nonlinearity is greatly dependent on the type of damage model
incorporated in the analysis. Finally, it is shown that the effect
of variations in hoop and axial fiber orientations and fiber
volume fraction showed that the effects are most pronounced
in the hoop fiber.
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